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Abstract 
A numerical procedure for the solution of the nonlinear problem of irrotational wave propagation i side a finite or 
an infinite homogeneous fluid mass is proposed. This procedure is applied to calculate the fluid gravity waves resulting 
from certain prescribed varying pressure applied to the free surface of an infinite fluid mass with finite or infinite depth. 
These waves also are calculated analytically within the frame of the linear theory of motion. The variation of the fluid's 
constant depth, for this application is found to have no influence on the resulting flow. A slight agreement between the 
numerical solution of the nonlinear problem and the analytical solution of the corresponding linearized problem is noticed 
in a narrow interval of time following the start of the motion. In the course of time, a significant divergence between the 
two theories is found, and the nonlinear theory is therefore indispensable for the theoretical prediction of this phenomenon. 
The proposed procedure can be applied to problems with more complicated geometry. (~) 1998 Elsevier Science B.V. All 
rights reserved. 
Keywords: Fluid wave; Wave propagation; Nonlinear theory 
I. Introduction 
The general problem of propagation of gravity waves within a fluid mass with a free surface at 
a constant or variable pressure, over a horizontal or corrugated bottom has been studied in several 
theoretical and experimental works. In spite of the simplifying physical and geometrical conditions 
imposed to simplify the mathematical treatment of the theoretical models, two significant and cap- 
ital difficulties persist: the first is the nonlinearity of the system of equations to which the physical 
problem is reduced, and the second is that the free surface, which is one of the boundaries of 
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the domain of the problem, is apriori unknown. To overcome these difficulties, different heoret- 
ical approaches were proposed such as : the linear theory of motion and the theories of higher 
orders [2, 6], the theory of long waves [19, 21], and the various versions of the shallow water 
theory [8, 12]. 
Within the frame of the linear theory and the theories of higher orders, the unknown functions 
of the problem are sought in terms of infinite series of powers of a certain small parameter. The 
equations and conditions of the problem are expressed in terms of the same parameter. According 
to the linear theory, the terms of the first order of the small parameter in the expressions of the 
unknown functions, the equations and the conditions of the problem only are kept. As for the theories 
of higher orders, only the terms of these expressions, from the first order up to the term with order 
equal to that of the theory are kept. The radius of convergence of these power series are of the 
same order as that of the ratio of the free surface amplitude to the wavelength [10]. Hence these 
theories are inadequate to deal with the propagation of waves with big relative wave lengths. 
A major limitation of the theory of long waves is that it neglects the vertical component of the 
velocity of the fluid particles and also, the variation with the depth of the horizontal components. 
This theory proposes another system of equations and conditions as an approximation of that of the 
original problem [15, 19]. The solution obtained following this theorem cannot, thus, be obtained as 
a first step of some scheme of successive approximations, and hence there is no way to improve its 
accuracy if this is needed. 
The different versions of the shallow-water theory assume certain physical and geometrical con- 
straints to the theoretical models such as the smallness of the ratio of the vertical to the horizontal 
extents of the motion. Further, the waves are assumed to propagate in one and the same direction, 
otherwise major mathematical difficulties would arise [1, 7, 18]. 
The corresponding stationary problem has many engineering applications. It gives theoretical pre- 
dictions for a lot of geophysical phenomenona such as flows over weirs, flows under gates, ship 
motion and fluid flow over a topography [9, 11, 16]. 
In the present work, we are interested in irrotational f uid motion. We propose a certain numerical 
approach, thought o be new, to solve the nonlinear problem. This approach avoids most of the lim- 
itations mentioned before. The nonlinear system of equations i  transformed into a boundary integral 
equation. This equation is satisfied along the boundary of the fluid domain by the velocity potential 
and the derivatives of the free surface elevation. The integral equation together with the conditions 
at the initial instant of time and those imposed at the boundary of the domain are descretized, and 
replaced by a suitable approximating onlinear system of algebraic equations. The solution of such a 
system of algebraic equations is to be worked out using a suitable standard method to get numerical 
estimations of the unknowns of the original problem. 
The procedure, explained above, is given here through the study of the non-stationary problem of 
the propagation of waves inside a single fluid layer initially at rest, occupying an infinite channel 
of a finite or infinite constant depth, on the surface of which a prescribed variable pressure is 
applied. This theoretical model is frequently encountered in oceanography since it simulates the 
geophysical phenomenon of wave propagation i side ocean due to any surface perturbations such as 
the effect of winds on the ocean surface [17]. The two-dimensional case is considered, and the fluid 
is supposed homogeneous, incompressible and inviscid. The study of this problem within the frame 
of the shallow water theory must be faced by some mathematical difficulties ince the waves can 
propagate in opposite directions pecially in the region lying under the applied surface pressure. 
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Numerical solutions for the nonlinear system of equations and conditions are obtained, for a certain 
surface pressure distribution, using the procedure proposed here. On the other hand, the linearized 
system of equations and conditions corresponding to this theoretical model is formulated for the 
same particular surface pressure distribution. An analytical solution for the resulting linear system 
of equations i  obtained in closed form, and an expression for the free surface elevation is deduced. 
The free surface elevations obtained using the linear and nonlinear theories were calculated, plotted 
and compared for different values of the parameters of the problem at different instants of time. The 
numerical results, obtained for differents values of the channel's depth, show that the variation of 
the depth has no effect on the free surface elevation. The results of the linear and nonlinear theories 
are shown to be in a slight agreement in a narrow interval of time following the start of the motion, 
while a significant disagreement between the two theories appears and grows in the course of time. 
This shows that, the linear theory is inapt for the description of the present phenomenon, aswell as 
many other phenomena, nd that the nonlinear treatment is necessary. 
For the numerical solution of the derived nonlinear system of algebraic equations, a method due 
to [3, 4] is used. 
The technique proposed above can be equally applied to stratified fluids, and the same amount of 
calculations i adequate to the study of other problems with more complicated geometry. 
Apart from its important physical interest in oceanography, the application worked, here, is given 
for illustration. 
2. Problem and frame of reference 
An incompressible and inviscid fluid layer, initially at rest with a horizontal-free surface, occupies 
an infinite channel of finite and constant depth (cf. Fig. 1 ). The layer is bounded from below by the 
impermeable bottom of the channel, and from above by the free surface which is also impermeable. A 
i Y The external 
I~  applied pressure 
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x 
Fig. 1. The Cartesian frame of reference and the external applied pressure. 
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bounded area of the free surface is acted on by an external time varying pressure with a vanishing 
starting value. The required is to determine the fluid gravity waves propagating inside the fluid 
resulting from the application of this pressure. 
To simplify the mathematics, the problem is assumed two-dimensional, the fluid is taken to be 
ideal and homogeneous and the motion is considered irrotational. 
We use a fixed two-dimensional orthogonal Cartesian system of coordinates O(x,y) with origin 
O at the initial free surface, horizontal x-axis and y-axis directed vertically upwards. The direction 
of the x-axis is chosen in such a way that the pressure applied to the free surface is a function of 
the variable x and the time t only (Fig. 1). 
3. Notation 
The following notation is used throughout this paper: A, a small parameter; 9, the acceleration 
due to gravity; h, the water depth; P(x, y, t), the pressure applied to the fluid particle occupying the 
position (x, y) at the time instant ; Po(x, t)=APol(X, t) the external pressure applied to fluid particle, 
lying on the free surface at a point whose horizontal coordinate at the instant t is x; t, the time; 
(x, y), the Cartesian coordinates of a point; y = r/(x, t), the equation of the free surface at the instant 
of time t, x~, the gradient operator; ~(x,y, t), the velocity potential function; and p, the constant 
density of the fluid layer. 
4. Equations of motion and boundary conditions 
The irrotationality of the fluid motion reduces the problem to the search for two functions : the 
first is the velocity potential function ~(x,y,t) (with V = V~), and the second is the free surface 
elevation r/(x,t). The physical conditions imposed to the problem cause the function ~(x,y,t) to 
satisfy the following equations [13]: 
(i) In the fluid mass with constant density: 
02~ 82~ 
Ox--T + ~y2 =0. (1) 
The pressure applied to the fluid particle which occupies the position (x, y) at the instant of time t 
is given in terms of the velocity potential as 
P(x ,y , t )=-p  -~+~ \Ox j  + +9Y • (2) 
(ii) On the free surface (y = r/(x, t)) the external applied pressure implies 
Lk&] + =-  Po(x , t ) ,  
and the impermeability for y--r/(x,t) of the free surface leads to 
0~ _ 0r/0¢~ 0rl 
Oy 0x 0x +-~-" 
(3) 
(4) 
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(iii) On the horizontal bottom (y =-h) :  
0 f  
- -  =0  for y=-h .  (5a) 
0y 
In the case of infinite depth (h ~ ~ ), condition (5a) is replaced by 
lim ~(x, y, t) = 0, (5b) 
y---, - -oo  
lim VC~(x, y, t) = 0. (5c) 
y- -~- -oo  
(iv) At infinity ([x[ --~ c~): Since the fluid is initially at rest, and the surface area acted on by the 
external pressure is bounded, the radiation condition implies that at finite instants of time the fluid 
at infinity is at rest with horizontal free surface, i.e., 
lim ~(x, y, t) = 0, (6a) 
lim V~(x, y, t) -- 0, (6b) 
Ixl--*oo 
lira r/(x, t) = 0, (6c) 
Ixl~oo 
lira Or/ 
Ixl~oo ~xx = 0. (6d) 
(v) The initial conditions ( at t = 0): The conditions expressing that the fluid layer is initially at rest 
with horizontal free surface are: 
• (x ,y , t )=O at t=0,  (7a) 
V~(x ,y , t )=O at t=0,  (7b) 
O qb(x, y, t) 
- -0 at t=O, (7c) 
Ot 
r/(x, t) = 0 at t = 0, (7d) 
Oq(x, t) 
Ox --0 at t=0,  (7e) 
0q(x, t) 
0~- -0  at t=0.  (7f) 
The mathematical study of the system of Eq. (1 ) - (70  envisages ome difficulties arising from the 
nonlinearity of the conditions (3) and (4) and that these conditions are given along the free surface 
which is a priori unknown. 
5. Linearization of the system of equations 
Within the linear theory of motion it is assumed that the fluid motion is slow and the free surface 
remains always near its position at rest with a slow time variation. 
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The pressure applied to the free surface is therefore considered to be of small magnitude with 
Po( x,t ) = APol (X, t ), (8) 
where A is a small parameter and Pol(X,t) is a prescribed function of the variables x and t. The 
essence of the linearization process is to put the unknown functions ~ and t/ as 
~(x, y,t)=A~l(x, y,t), (9) 
(10) 
(ii) On the free surface (y = 0): 
~01 ~2~ -1 c~Pol(x,t) 
g--~-y + ~t 2 p c~t 
(iii) On the bottom: 
finite depth: 
-0  at y=-h .  Oy 
Infinite depth: 
at y=0.  (12) 
lim ~l(x,y,t)=O, 
y--~--oo 
lim Vq~l(x,y,t)=o. 
y-~--oo 
(iv) At infinity (Ixl ~ ~) :  
lim ~l(x,y,t)=O, 
Ixj~o~ 
lim Oqbl(x' y't) --O. 
Ixr~ ax 
(v) The initial conditions ( at t = 0) : 
• l(x,y,t)=O at t=0,  
&bl(x, y,t) 
-0  at t=0,  y=0.  
Ot 
(13a) 
(13b) 
(13c) 
(14a) 
(14b) 
(15a) 
(15b) 
q(x,t)=Ath(X,t), 
and to substitute for these functions in the system of Eqs. (1)-(7f)  keeping only the terms linear 
in the parameter A . The conditions on the free surface are replaced by the linear terms of their 
expansions along the position at rest of this surface. 
The potential function ~ satisfies the following system of equations: 
(i) In the fluid mass: 
~2~ l (~2~ 1 - -+  --0 a t -c~<x<c~, -h<.y<.O.  (11) 
¢9x 2 t~y 2
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According to this theory the free surface elevation is given in terms of the potential function as 
--1 C~l(x,y,t) y=0 1 Pol(x,t). (16)  - 
5.1. Analytical solution for the linearized system of equations 
To solve the system of equations (11)-(16) the functions 41, r/l and e01 are assumed to Possess 
the complex Fourier transform with respect o the variable x in the generalized sense of Lighthill 
[14]. We denote by ~1(~, y, t), P01(~, z) the Fourier transforms of the functions cbl(x, y, t), Pol(X, t) 
defined by [20] 
F ~l(~,y,t)= ei~xcbl(x,y,t)dx, (17a) CX? 
/5 /501(¢,t) = eiCXpot(X,t)dx. (17b) O~ 
After transformation, Eqs. (11) and (13a) are found to have the following solution: 
~1(~, Y, t) = A(~, t) cosh ~(y + h) (18) 
which is then substituted into the transformed version of Eq. (12) giving 
~-2 A (~, t) + g~ tanh(~h)A (~, t) - P cosh(~h) t?t P°l(~' t) (19) 
with the initial conditions 
A(~,t)=0 at t=0,  (20a) 
~tA(~,t) = 0 at t = (20b) 0. 
Noting that the initial external pressure vanishes, the solution of Eqs. (19), (20a) and (20b) is 
- -  1 f0 t p cosh(~h) P01(~, z)cos o)(t - z)dz (21a) A(~,t) - 
with 
w2 = g¢ tanh(~h) (21b) 
Substitution of Eq. (21a) in Eq. (18) for the function A(¢,t) and application of the Fourier 
inversion integral formula corresponding to Eq. (17a) lead to the following expression for the velocity 
potential q~l(X, y, t): 
F /0' - 1 e_i~ xcosh ~(y + h) Cbl(x,y,t)= ~p ~ cosh(~h) Pol(~,z)cosog(t - z)dzd~. (22a) 
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The free surface elevation is given using Eqs. (16) and (22a) as 
r/l(X, t) = 2~-fig oo (.oe -i~x. /501(~, z) sin og(t -- z) dr de. (22b) 
In the case of infinite depth, expressions (22a) and (22b) take the following forms: 
/: jo' -1  e ¢(y-ix) P01(~, z) cos x /~( t  - z)dzd¢, (23a) rI)l(x, y,t)= ~p ~ 
th(X,t)-- 2-~p9 oo v /~e -iCx /5o1(~, z) sin X/~(t - z) drd¢. (23b) 
6. Boundary integral representation 
The domain of the solution of the nonlinear system of equations (1) to (7) cannot be represented 
by a separable coordinate system, it is advantageous to represent these equations in terms of some 
boundary integral relations along the boundary of the domain. We, therefore start with the region D 
of the fluid mass sketched in Fig. 2. This region is bounded from below by the bottom and from 
above by the free surface. The right and left boundaries are far enough from the area acted on by 
the disturbing external pressure. The boundary of the domain D described in a counter-clockwise 
will be denoted by C. The parametric representation f this boundary is written x=x(s), y= y(s) 
where s is the arc length used as a parameter. 
Being harmonic inside the region D and differentiable on the boundary C, the function #(x, y, t) 
can be expressed as [5] 
1 /c[ ~n' dq~logr]ds', q~(x, y, t) = ~-~ q~(s', t) log r - (3n--- 7 (24) 
The free surface l The radiational boundaries 
D C 
c 1 D 
~he bo't;t om 
Fig. 2. The region D occupied by the fluid, bounded by the contour C, with radiational boundaries. 
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where 4(s',t) is written for 4(x(s'), y(s'), t), r represents he distance from the position (x, y) inside 
the domain D to the boundary point with parameter s' and O/On' denotes differentiation atthis point 
along the normal to the boundary C. Allowing the field point (x, y) to approach a boundary point 
with parameter s we obtain from Eq. (24), 
4(s, t) = -1 4(s',t) logr logr (25) 
On' 
For the sake of the uniformity with the boundary integral relation (25), the boundary and the 
initial conditions (3)-(7) are rewritten in the form: 
- -  On the free surface y = t/(x, t): 
o._ o4,/ 
Ot On V I + \-~xxJ' ( 26a ) 
a4 1 [(a4"~ 2 (~4"~ 2] 1 
Orl+~-[+ 2 L\Oxj + \Oyl  j =-  Po(x,t), (26b) 
with 
04 @ Or/04 
Oy - Ot + O--~--~-x" (26c) 
- -  On the horizontal bottom (y =-h) :  
04 
- -  =0 .  (27)  
On 
- -  On the radiational boundaries: 
4(s, t) = 0, (28a) 
04(s,t) 
0------~-- - O. (28b) 
- -  At the initial instant (t = 0): 
4(s,O)=O, (29a) 
q(s, O) = O. (29b) 
Using the boundary conditions (27) and (28), relation (25) can be put in the form 
1 
4(s,t)= ~ fc~ [4(s',t) o-~ log O4(s',t) ] ds' l fc "" ' "Ol°gr r On' log r + - ~ts,  t ) ~  ds' (30) 
71; b 
where Cf and Cb are the parts of the contour C lying on the free surface and on the bottom, 
respectively. 
74 M.S. Abou-Dina, M.A. Helal/Journal of Computational and Applied Mathematics 95 (1998) 65-81 
Using the abscissa x as a variable of integration and allowing the radiational boundaries to be 
very far from the origin, relation (30) is written with the help of condition (26a) in the form 
1 o~ O(s.t) =---~/_~ [Of(xt.l)~f {'"(Xt~x ~t)(x(S) --Xt)--(y(s) - ,(xt.t))} '"(xt"), log rf] dx t 
+lit J-o~f°° Ob(x,,t)~b(Y(S ) +h)dx' (31a) 
where O f and O b denote the velocity potential on the free surface and the bottom, respectively, 
(x(s), y(s)) are the coordinates of the boundary point with parameter s and 
rf = V/[X(S) -x ' ]  2 + [y(s) - q(x',t)] 2, (31b) 
rb = ~[X(S) -- x'] 2 + [y(s) + h] 2. (31c) 
At the instant of time t, for points with parameter s lying on the free surface (i.e. for x(s)= 
x, y(s) = q(x, t)) relations (31 ) yield 
Of(x.t)~z__! f~  [Of(x. t](~?](Xt~!)/2Xt)(_ X _~ Xt)~:~]JX.'__~)~ ,Axt. t)) 
It ~ L " ' : (x--x')2÷(rl(x't)--r l(x"t))2 
1 8q(x', t) log{(x  -x ' )  2 + (q(x, t) - rl(x', t ) )  z } 
2 t3t 
( ; + )I (x x) ~ ~b ~x~ ~ t ~ dx', (32a) 
and for points lying on the bottom (i.e. for x(s)=x,y(s)=-h) relations (31) give 
- - / : [  ((~rl(x''t)/ox')(x-x')+(h+q(x''t))) 
Ob(x,t)= Itl ~ Of(xt, t) \ -(X--~-~-~---~-~(-xT, t )7  
1 Oq(x', t) 
log{(x -xt) 2 ÷ (h + q(x',t))z} J dx'. 2 8t 
The free surface conditions (26b) and (26c) give at the same instant: 
. . . . . .  Po(x, t). 
At the initial instant (t = 0), the initial conditions (29) give 
Of(x, O) = 0, 
Ob(x, 0) = 0, 
o) = o. 
(32b) 
(32c) 
(33a) 
(33b) 
(33c) 
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Eqs. (32a), (32b) and (32c) represent a nonlinear system of integro-partial differential equations 
subject o the boundary conditions (33) in the unknown functions tOf(x,t),qSb(x,t) and q(x,t). A 
solution in closed form of this system does not seem possible and a numerical procedure for the 
solution is needed to reveal the features of the resulting flow. 
It is important to notice that, once the boundary values of the function ~(x,y , t )  and the free 
surface elevation tl(x,t) are determined, the field for the interior region is obtained, simply, by 
performing the line integral given in Eq. (24) along the contour C shown in Fig. 2. 
In the case of infinite depth (h ~ c~), condition (27) is replaced by 
lim qb(x, y, t) ---- O, 
y-~- -oo  
lim Vq~(x, y, t) = 0. 
y--~--oo 
In this case, it suffiees to remove the integral over Cb in expression (30) and to replace the 
function ~b(x',t) in expressions (31a) and (32a) by zero. The expressions (31c), (32b) and (33b) 
are no longer needed. The remaining expressions of the present paragraph are still applicable for the 
case of infinite depth. 
7. Numerical scheme for the solution of the non-linear system of equations 
An approximate solution for the system of equations and conditions (32) and (33) can be obtained 
in the following manner: replace the infinite interval of integration ( -c~ <x < oc) by a suitable finite 
interval ( -a<x<a)  where a is sufficiently large real number. This operation is justified by the 
conditions at infinity number (6). For the determination f the value of a, it is important to guarantee 
the non arrival of the front of the waves to Ixl--a at the considered instant of time. It is known 
that the critical speed of the waves, in the frame of the linear theory of motion, is Co = v/-9-h. Hence, 
practically, we can start with the value a = cot and increase it gradually till obtaining convergent 
results. Divide the finite interval ( -a<x<a)  into a finite number N of subintervals with lengths 
/~X1, /~X2, . . . , /~XN.  The finite time interval from the initial instant t=0 up to the present instant 
t is divided into a finite number M of subintervals with lengths: At1, ATE,..., Atu. Replace the 
integrals in relations (32) by the finite sums and replace the derivatives by finite differences. Denote 
for i-- 1,2, . . . ,N and k=0,1 ,2 , . . . ,M :  
xi = -a  +/~x l  + /~ X2 "~- " '" "~- ~Xi ,  (34a) 
tk =/~tl q- At2 + ... +/x, tk, (34b) 
q~f = ~f  (xi, tk ), (34c) i,k 
q~b = ~b(xi, tk ), (34d) i,k 
qi, k = tl(xi, tk ), (34e) 
1 
Pi,k = :-P(xi, tk ). (34f) 
P 
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Eqs. (32a), (32b) and (32~) can thus be written in the following discrete form for i = 1,2,. . . , N 
and k= 1,2,...,M: 
Ai,k + Bi,k + fi,k = 0, 
@:k $- i $ [Ci,j,k - Di,j,k - &,j,kl = 0, 
J=l 
(354 
W) 
@tk + k $ [Gi,j,k - H,,j,kI = 0, 
J=l 
(35c) 
where 
Bi,k = gqi,k + 
@;k - @if-l,k _ qi,k - q&k-l qi,k - qi,k-1 
At 
k ntk ntk 
+ (qi,k ;z;-l,k) (@:k afL’,k)] , 
Wb) 
Ci,j,k = $,k 
(xi - xj)v - (~i,k - Yli,k) 
(xi - xj)2 + (Y]i,k - qj,k)2 1 
Ci,i,k = -i@gk &(qi+l,k - 2qi,k + %l,k) 1 
nxj, ifj, (36~) 
Axi, (364 
Di,j,k = 
%,k - %,k-1 
ntk > 
log{ [(xi - xj)2 + (qi,k - qj,k)21}nxj, i #_i, 
Di,i,k = 
qi,k - qi,k-l 
ntk > 
[log{0.5(J(~xi)2 + (f’/i,k - qi-l,k)2)) - ll&i, 
Ei,j,k = @:k 
qi,k + h 
(_& _ xj)2 + (ri,k + h)2 1 nxjy 
Gi,j,k = $,k 
(Xi -X,)(y) + (h + qj,k) n 
(xi - xj12 + (h + qj,k)2 1 XJ, 
&,j,k = 
%,k - %,k-1 
Atk > 
log{ (Xi - Xj)’ + (h f ~j,k)2}~xj~ 
(364 
(36f) 
(36g) 
Wh) 
(36i) 
M.S. Abou-Dina, M.A. HelallJournal of Computational nd Applied Mathematics 95 (1998) 65~81 77 
Eqs. (35a), (35b), (35c), (36a), (36b), (36c), (36d), (36e), (360, (36g), (36h), and (36i) represent 
a system of 3N nonlinear algebraic equations, at a fixed time instant tk (k= 1,2 . . . . .  M), in the 
f b unknowns t/i;,k, ~i,k and r/i,k for i = 1,2,... ,N. This system is subject o the initial conditions, derived 
from relations (33) in the form 
~f =0, (37a) i,0 
q~o ---- O, (37b) 
qi,0 =0. (37c) 
The following numerical boundary values, approximating the conditions at infinity number (6), 
are to be taken into account: 
• f = 0, (38a) 0,k 
r/0,k = 0, (38b) 
llN+l,k = O. (38c) 
Hence, we have to solve M systems of equations, each of which consists of 3N nonlinear algebraic 
equations to get the solution of the problem at the instant of time 
t = At l  + At2 + ".. + AtM. 
In the case of infinite depth (h--~oo) expressions (34d), (35c), (36g), (36h), (36i) and (37b) 
are no longer needed and the symbol E;.j,k is to be removed from expression (35b). The remaining 
formulae of the present paragraph are still valid when h tends to infinity. 
For the solution of the system of equations and conditions (35)-(38) suitable standard methods 
are to be used such as the method due to Brown [3, 4] which we shall use in the following. 
This method is of quadratically convergent Newton-Like method based upon Gaussian elimination 
method. 
8. Numerical  results and calculat ions 
We shall consider here the case of the particular distribution of the pressure applied to the free 
surface with: 
Po(x,t)=Ag(t)cos ~oo (1-cost2t) ,  Ixl <x0, (39a) 
eo(x,t)=o, Ixl >x0 (39b) 
for some particular values of the real constants A and f2 which cover certain cases of physical 
interest. H(t) denotes the Heaviside function defined as 
H(t)=O, t <<. O, (40a) 
H(t)= 1, t>0. (40b) 
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Fig. 3. The free surface elevations corresponding to the nonlinear theory (solid curves) and the linear theory (broken 
curves), generated by the external applied pressure given by expression (39) for the particular values of the parameters: 
f2 = 2n s - l  , x0 = 0.3 m and A = 0.001 N/m 2. The y -ax is  represents he quant i ty  1000r/(x, t )  at the instants of time t = 0.35 s 
(a),  t = 0.5 s (b)  and t = 0.65 s (c) .  
For these cases, the elevations of the free surface are calculated in both frames of the linearized 
theory of motion (using expressions (22) and (23)) and the nonlinear theory of motion (using the 
system of equations (35)- (38)) .  The calculations are performed for the particular values of the depth 
h:h = 0.2, 0.5, 1.0, 10.0, 20.0m and for the case of infinite depth. 
The results, for these different depthes, show a perfect coincidence in the nonlinear theory, and 
a very weak and negligible difference in the linear theory. This indicates that the considered phe- 
nomenon is a surface one, and that the variations in the depth have no influence on the theoretical 
predictions. On the other hand, the variations in the values of the parameters x0 and f2 have no 
significant effect on the comparison between the linear, and nonlinear theories. We give, for conve- 
nience, the values x0 = 0.3 m and f2- -2n s -1 to these parameters. Figs. 3-5 exhibit the variation with 
N-  
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M.S. Abou-Dina, M.A. Helal/Journal of Computational nd Applied Mathematics 95 (1998) 65-81 79 
0.04  
0 .02  
0 .00  
-0 .O2  
-0 .04  
-0 .06  
-0 .08  
-2 .00  
. . . , . ,  , ,  , i  , . . ,  , . , . ,  , . ,  . . .~-¢ . , . i  . . . . . .  , , . ,  . . . . . .  , . , i , ,  . . . . . . .  i . . . . . . . . .  , 
-- 1 .50  - 1 .00  - 0,519 0 .00  0 .50  1 .00  1.5(-) 
.',< 
>- 
(b) 
0.80  
0.40 
0.00 ~ - ~ " " "  
- -0 .40  
- -0 .80  
- -1 .20  
-2 .00  -1 ,50  -1 .00  -0 ,50  0 .00  0 ,50  | O0  1 .50 
X 
12.00 
> 
(c) 
8.00 
4.00  
0.00 
-4.00 
-8.00 
- -12 .00  . . . . . . . . . .  , . . . . . . . . .  , . . . . . . . . .  , . . . . . . . . .  , . . . . . . . . .  , . . . . . . . . .  , . . . . . . . . .  , 
- -2 .00  -- 1 ,50 -- 1 .00  - -0 .50  0 .00  0 .50  1 .00  1 .50  
X 
Fig. 4. The free surface elevations corresponding to the nonlinear theory (solid curves) and the linear theory (broken 
curves), generated by the external applied pressure given by expression (39) for the same values of g and x0 as in Fig. 
3, and .4 = 0.01 N/m 2. The y-axis represents the quantity 1000r/(x,t) at the instants of time t = 0.15 s (a), t = 0.3 s (b) and 
t = 0.45 s (c). 
x for the free surface elevation q(x,t), at different instants of time, for the values A=0.001,0.01 
and 0.1 N/m 2 of the amplitude of the external applied pressure, respectively. The solid curves, in 
each figure, represent the free surface elevation calculated by the nonlinear theory, and the broken 
ones correspond to the linear theory at the different instants of time indicated in the figure captions. 
The results show that, although the linear theory of motion proves a slight success in predicting the 
free surface during a very narrow time interval following the start of the motion (Fig. 3a, Fig. 4a 
and Fig. 5a), this theory gives erroneous results and is insufficient for describing the phenomenon 
under consideration as the time increases specially for small values of the external applied pres- 
sure's amplitude (Fig. 3b, c, Fig. 4b, c and Fig. 5b, c). The nonlinear theory reveals that a principal 
boss splits into several secondary bosses propagating towards the upstream and the downstream 
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Fig. 5. The free surface elevations corresponding to the nonlinear theory (solid curves) and the linear theory (broken 
curves), generated by the external applied pressure given by expression (39) for the same values of (2 and x0 as in Figs. 
3 and 4. The y-axis represents the same quantity considered in Figs. 3 and 4 for A =0.1N/m 2 at the instants of time 
t=0.15s (a), t--0.25s (b) and t=0.35s (c). 
extremities of  the infinite channel (Fig. 3c, Fig. 4c and Fig. 5c). Such a feature is not predicted by 
the linear theory at the considered instants of  time. 
9. Conclusion 
The main purpose of  the present paper is to give a numerical procedure which enables to solve 
the nonlinear fluid flow problems in two dimensions. This can be generalized to cover the three- 
dimensional cases. Apart from its physical interest, the example worked above is given for illustration. 
The same amount of  calculations needed in this example is adequate for the solution of  any other 
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problem in two dimensions. The numerical technique xplained here helps to discover the nonlinear 
features of  the fluid flows even in the cases where the other theories fail such as in the case of  
the example worked above, where waves propagate in opposite directions. Also, this procedure can 
help in the judgement of  the validity of  the different analytical theories proposed for the solution of  
the problem of the propagation of  fluid waves. A careful examination is needed for the derivation 
of  the discrete system of  equations (34) - (38)  from the continuous ystem (32), (33) to improve 
the stability of  the numerical study. Such examination could help in describing the behaviour of  
the waves at large instants of  time. This will be purely numerical analysis study which we hope to 
realize in a forthcoming work. 
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